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座標轉換

e2

e1
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座標轉換
e3

e2

jiji xx ⋅= β'

e1
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座標轉換
e3

e2

e1

V̂
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座標轉換
e3

e2

e1

V̂

jiji vv ⋅= 'ˆ

jiij ee ˆ'ˆ ⋅=

方向餘弦
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HW2
某一位移向量 於原座標系統為

請問於旋轉後新座標系統此一位移向量 為何 ?
);;(ˆˆˆˆ m3wm3vm3ueweveuP 321 ===⋅+⋅+⋅=P̂

'P̂

e2

P̂

e1

3213

3212

3211

ˆ454.0ˆ377.0ˆ808.0'ˆ
ˆ682.0ˆ440.0ˆ584.0'ˆ

ˆ574.0ˆ816.0ˆ071.0'ˆ
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eeee

⋅+⋅−⋅=
⋅+⋅−⋅−=

⋅+⋅+⋅=
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Construct a Mohr circle

nσ

nτ

kPa100

kPa200

kPa400

kPa100

kPa100

(200,100)

(400,-100)
?=nτ

?=nσ

(300,0)(300-141,4,0) (300+141,4,0)

圓心？
半徑？
最大主應力？
最小主應力？
主應力方向？

R=141.4kPa

主應力之定義為何?



2010/8/12 47

Three dimensional stress analysis

33σ

22σ

11σ

3223 ττ =

2112 ττ =

3113 ττ =

n̂
3

3

2

2

1

1n
nTnTnTT ⋅+⋅+⋅=

ˆ

jijjjii
n

nnT ⋅=⋅= σσ
ˆ

剪應力為０之平面為主應力面
該面上作用之正向應力為主應力

Principal stress and 
principal direction

2.4 Principal stress and 
stress invariants
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Three dimensional stress analysis

33σ

22σ

11σ

3223 ττ =

2112 ττ =

3113 ττ =

n̂
3

3

2

2

1

1n
nTnTnTT ⋅+⋅+⋅=

ˆ

ini
n

nT ⋅== σσ̂
ˆ

剪應力為０之平面為主應力面
該面上作用之正向應力為主應力

Principal stress and 
principal direction

0n =τ

nσ̂Principal stress

principal direction n̂
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Three dimensional stress analysis

33σ

22σ

11σ

3223 ττ =

2112 ττ =

3113 ττ =

n̂
3

3

2

2

1

1n
nTnTnTT ⋅+⋅+⋅=

ˆ

ini
n

nT ⋅== σσ̂
ˆ

剪應力為０之平面為主應力面
該面上作用之正向應力為主應力

Principal stress and 
principal direction

0n =τ

ii
n

nT ⋅= σ
ˆ

jiji
n

nT ⋅= σ
ˆ

ijij nn ⋅=⋅ σσ
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Three dimensional stress analysis

33σ

22σ

11σ

3223 ττ =

2112 ττ =

3113 ττ =

n̂
3

3

2

2

1

1n
nTnTnTT ⋅+⋅+⋅=

ˆ

剪應力為０之平面為主應力面
該面上作用之正向應力為主應力

Principal stress and 
principal direction

ijij nn ⋅=⋅ σσ

3333232131

2323222121

1313212111

nnnn
nnnn
nnnn

⋅=⋅+⋅+⋅
⋅=⋅+⋅+⋅
⋅=⋅+⋅+⋅

σσσσ
σσσσ
σσσσ
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Three dimensional stress analysis

33σ

22σ

11σ

3223 ττ =

2112 ττ =

3113 ττ =

n̂ 3

3

2

2

1

1n
nTnTnTT ⋅+⋅+⋅=

ˆ

剪應力為０之平面為主應力面
該面上作用之正向應力為主應力

Principal stress and 
principal direction
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2323222121

1313212111
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333231
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σσσσ

0

333231

232221
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=
−

−
−

σσσσ
σσσσ
σσσσ

For non-trivial solution of n
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Three dimensional stress analysis

33σ

22σ

11σ

3223 ττ =

2112 ττ =

3113 ττ =

n̂ 3

3

2

2

1

1n
nTnTnTT ⋅+⋅+⋅=

ˆ

剪應力為０之平面為主應力面
該面上作用之正向應力為主應力

Principal stress and 
principal direction
















=
















⋅










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
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0
0
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n
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3
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333231

232221

131211

σσσσ
σσσσ
σσσσ

0

333231

232221

131211

=
−

−
−

σσσσ
σσσσ
σσσσ

3 solutions of stress represent 3 principal stresses
Correspond orthogonal directions are principal directions
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Three dimensional stress analysis

33σ

22σ

11σ

3223 ττ =

2112 ττ =

3113 ττ =

n̂ 3

3

2

2

1

1n
nTnTnTT ⋅+⋅+⋅=

ˆ

剪應力為０之平面為主應力面
該面上作用之正向應力為主應力

Principal stress and 
principal direction

0

333231

232221

131211

=
−

−
−

σσσσ
σσσσ
σσσσ

3 solutions of stress represent 3 principal stresses

0III 32
2

1
3 =−⋅+⋅− σσσ

321 σσσ ,,
Correspond orthogonal directions 
are principal directions

1σσ = 
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Three dimensional stress analysis

133 =σ

022 =σ

111 =σ

03223 ==ττ

32112 ==ττ

0
3113

=
=ττ Principal stresses =? 

Principal directions =?

3 solutions of stress represent 3 principal stresses

2
1311

2
131

321
−

==
+

= σσσ ,,

















=
100
003
031

ijσ

0

333231

232221

131211

=
−

−
−

σσσσ
σσσσ
σσσσ

0
100

03
031

=
−

−
−

σ
σ

σ

031 2 =−−− ))(( σσσ
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Three dimensional stress analysis

133 =σ

022 =σ

111 =σ

03223 ==ττ

32112 ==ττ

0
3113

=
=ττ Principal stresses =? 

Principal directions =?

2
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2
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−
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+

= σσσ ,,

Correspond orthogonal directions 
are principal directions
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Given a stress tensor                             (GPa)，

Please find：(1) three principal stresses；(2) three principal directions。

Given a fault plane N-S strike、dip angle 90゜(vertical plane)
Please find：(1) Surface traction     ；(2)normal stress；(3)shear stress。

If the stress state of the fault was measured just before the fault slip 
(shear stress=shear strength), please determine the friction coefficient 
of the fault ?

Hint:  direction 1 in Eastern-ward, direction 2 in Northern-ward, direction 
3 in up-ward, friction coefficient 















−
−

−
=

101
010
101

ijσ

i
n
T

ˆ

nn στµ =

HW3
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The invariants of stress tensor

0III 32
2

1
3 =−⋅+⋅− σσσ

33σ

22σ

11σ

3223 ττ =

2112 ττ =

3113 ττ =
0

333231

232221

131211

=
−

−
−

σσσσ
σσσσ
σσσσ

3322111I σσσ ++=

333231

232221

131211

3I
σσσ
σσσ
σσσ

=

2221

1211

3331

1311

3332

2322
2I

σσ
σσ

σσ
σσ

σσ
σσ

++=

For two dimensional

02
1222112211

2 =−⋅+⋅+− )()( σσσσσσσ
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2

[()
2

( 2
12

2221122211 σσσσσ
+

−
−

+)
2

(2 2211 σσ +
×

),( 1222 σσ

nσ

nτ

),( 1211 σσ
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The invariants of stress tensor

33σ

22σ

11σ

3223 ττ =

2112 ττ =

3113 ττ =

0III 32
2

1
3 =−⋅+⋅− σσσ

2I 3322111 =++= σσσ

3I

333231

232221

131211

3 −==
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σσσ
σσσ

2I
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The deviator stress

33σ

22σ

11σ

3223 ττ =

2112 ττ =

3113 ττ =

ijij
d
ij

I
δσσ

3
1−=












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mzzyzxz

yzmyyxy

xzxymxx
d
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σσσσ
σσσσ
σσσσ

σ

Principal deviator stresses

,
3

,
3

,
3

1
33

1
22

1
11
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IS
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σ

σ

σ
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Stress transformation

33σ

22σ

11σ

3223 ττ =

2112 ττ =

3113 ττ =

1

2

3

3
T
−

1
T
−

2
T
−

A3

A1A2
n̂ 3

3

2

2

1

1n
nTnTnTT ⋅+⋅+⋅=

ˆ

jijjjii
n

nnT ⋅=⋅= σσ
ˆ

In matrix form
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

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
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
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HW4

3213

3212

3211

ˆ454.0ˆ377.0ˆ808.0'ˆ
ˆ682.0ˆ440.0ˆ584.0'ˆ

ˆ574.0ˆ816.0ˆ071.0'ˆ

eeee
eeee

eeee

⋅+⋅−⋅=
⋅+⋅−⋅−=

⋅+⋅+⋅=

e2

e1
MPa202 =σ

MPa163 =σ

MPa301 =σ

Please find the stress tensor in coordinate system e1’-e2’-e3’ 

33σ

22σ

11σ

3223 ττ =

2112 ττ =

3113 ττ =

Please read section 2.3 

e3
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大域座標下

e2

e1

3213

3212

3211

ˆ653.0ˆ154.0ˆ741.0'ˆ
ˆ702.0ˆ246.0ˆ668.0'ˆ

ˆ284.0ˆ958.0ˆ035.0'ˆ
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eeee

eeee

⋅+⋅−⋅=

⋅+⋅−⋅−=

⋅−⋅−⋅=

)(
3.1200

0160
006.36

' MPajk
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













=σ

?=pqσ
jiij ee ˆ'ˆ ⋅=

lkjkijil  ⋅⋅= σσ '

pqkqjkpjlqlkjkijiplqilip σδσδσσ =⋅⋅=⋅⋅⋅⋅=⋅⋅∴  '

lqilippq  ⋅⋅=∴ 'σσ kljkjiil  ⋅⋅= 'σσor
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Stress transformation

In matrix form
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Strength
A stress state that the materials 
cannot sustain
Failure


